Abstract In this chapter I review theoretical models for the formation of very massive stars. After a brief overview of some relevant observations, I spend the bulk of the chapter describing two possible routes to the formation of very massive stars: formation via gas accretion, and formation via collisions between smaller stars. For direct accretion, I discuss the problems of how interstellar gas may be prevented from fragmenting so that it is available for incorporation into a single very massive star, and I discuss the problems presented for massive star formation by feedback in the form of radiation pressure, photoionization, and stellar winds. For collision, I discuss several mechanisms by which stars might be induced to collide, and I discuss what sorts of environments are required to enable each of these mechanisms to function. I then compare the direct accretion and collision scenarios, and discuss possible observational signatures that could be used to distinguish between them. Finally, I come to the question of whether the process of star formation sets any upper limits on the masses of stars that can form.
Introduction
The mechanism by which the most massive stars form, and whether there is an upper limit to the mass of star that this mechanism can produce, has been a problem in astrophysics since the pioneering works of Larson & Starrfield (1971) and Kahn (1974) . These authors focused on the physical mechanisms that might inhibit accretion onto stars as they accreted interstellar matter, and we will return to this topic below. However, a more modern approach to the problem of very massive stars requires placing them in the context of a broader theory of the stellar initial mass function (IMF).
The IMF is characterized by a peak in the range 0.1 − 1 M , and a powerlaw tail at higher masses of the form dn/d ln m ∝ m Γ with Γ ≈ −1.35 (Bastian et al. 2010 , and references therein). However, the mass to which this simple powerlaw extends is not very well-determined. It is not possible to measure the IMF for field stars to very high masses due to uncertainties in star formation histories and the limited number of very massive stars available in the field. Measurements of the high-mass end of the IMF in young clusters must target very massive systems in order to achieve strong statistical significance, and such clusters are rare and thus distant. This creates significant problems with confusion. The limited studies that are available suggest that the a powerlaw with Γ ≈ −1.35 remains a reasonable description of the IMF out to masses of ∼ 100 M or more (e.g. Massey & Hunter 1998; Kim et al. 2006; Espinoza et al. 2009 ). However, it is by no means implausible that there are hidden features lurking in the IMF at the highest masses. Indeed some analyses of the IMF have claimed to detect an upper cutoff (see the Chapter by F. Martins in this volume for a critical review).
This observational question of whether the most massive stars are simply the "tip of the iceberg" of the normal IMF, or whether they represent a fundamentally distinct population, animates the theoretical question about how such stars form. The two dominant models for how massive stars form are formation by accretion of interstellar material, i.e. the same mechanism by which stars of low mass form, and formation by collisions between lower mass stars, which would represent a very different formation mechanism from the bulk of the stellar population. 1 In the remainder of this Chapter, I review each of these models in turn (Sections 2 and 3), pointing out its strengths, weaknesses, and areas of incompleteness. I then discuss the observable predictions made by each of these models, and which might be used to discriminate between them (Section 4). Finally, I summarize and return to the question first raised by Larson & Starrfield (1971) and Kahn (1974) : is there an upper mass limit for star formation, and if so, why (Section 5)?
The Formation of Very Massive Stars by Accretion
The great majority of stars form via the collapse of cold, gravitationally-unstable, molecular gas, and the subsequent accretion of cold gas onto the protostellar seeds that the collapse produces (McKee & Ostriker 2007 , and references therein). There are numerous competing models for the origin of the observed Γ ≈ −1.35 slope (e.g. Bonnell et al. 2001; Padoan & Nordlund 2002; Padoan et al. 2007; Hennebelle & Chabrier 2008 , 2009 , 2013 Krumholz et al. , 2012 Hopkins 2012) , but in essentially all of these models, the massive end of this tail is populated by stars forming in rare, high-density regions that provide at least the potential for large mass reservoirs to be accreted onto protostellar seeds at high rates. Some but not all of these models identify the regions that give rise to massive stars with observed "cores": compact (∼ 0.01 pc), dense (> 10 5 molecules cm −3 ) regions of gas, the largest of which can have masses large enough to form very massive stars (e.g,. Beuther & Schilke 2004; Beuther et al. 2005; Bontemps et al. 2010) . None of these models predict that there is an upper limit to the masses of either cores or stars, and there is no observational evidence of a truncation either. Thus, it would seem that there is no barrier in terms of mass supply to the formation of very massive stars via the same accretion processes that give rise to the remainder of the IMF. However, the fact that there is a large supply of mass available does not guarantee that it can actually accrete onto a single object and thereby produce a very massive star. There are four major challenges to getting the available interstellar mass into a star, which we discuss below: fragmentation, radiation pressure, photoionization, and stellar winds. I discuss each of these challenges in turn in the remainder of this Section.
Fragmentation
The first challenge, fragmentation, can be stated very simply. When gravitationallyunstable media collapse, they tend to produce objects with a characteristic mass comparable to the Jeans mass, 
where c s is the sound speed, ρ is the gas density, T is the gas temperature, and n is the gas number density. The temperature and density values to which I have scaled in the above equation are typical values in star-forming regions. Clearly, a massive star is an object whose mass is far larger than the Jeans mass of the interstellar gas from which it is forming. Why, then, does this gas not fragment into numerous small stars rather than forming a single large one? Indeed, hydrodynamic simulations of the collapse of compact, massive regions such as the observed massive cores show that they generally fail to produce massive stars (Dobbs et al. 2005) , and larger-scale simulations of star cluster formation appear to produce mass functions that are better described by truncated powerlaws than pure powerlaws (e.g. Maschberger et al. 2010) , and where the formation of the most massive stars is limited by "fragmentation-induced starvation" (Peters et al. 2010b; Girichidis et al. 2012) . While these results might seem to present a serious challenge to the idea that massive stars form by accretion, they are mostly based on simulations that include no physics other than hydrodynamics and gravity. More recent simulations including a wider range of physical processes suggest that the fragmentation problem is much less severe than was once believed. Fragmentation is reduced by two primary effects: radiation feedback and magnetic fields.
Radiation feedback works to reduce fragmentation by heating the gas, raising its pressure and thus its Jeans mass (cf. equation 1). Although massive stars can of course produce a tremendous amount of heating, the more important effect from the standpoint of suppressing fragmentation is the early feedback provided by low mass stars, whose luminosities are dominated by accretion rather than internal energy generation. Krumholz (2006) first pointed out the importance of this effect, showing that even a 1 M star accreting at the relatively high rates expected in the dense regions where massive stars form could radiate strongly enough to raise the gas temperature by a factor of a few at distances of ≈ 1000 AU. Since the minimum fragment mass is roughly the Jeans mass, and this varies as temperature to the 3/2 power (equation 1), this effect raises the minimum mass required for gas to fragment by a factor of ≈ 10. Subsequent radiation-hydrodynamic simulations by a number of authors (Krumholz et al. 2007 (Krumholz et al. , 2010 Bate 2009 Bate , 2012 Offner et al. 2009b ) have confirmed that radiation feedback dramatically suppresses fragmentation compared to the results obtained in purely hydrodynamic models. Krumholz & McKee (2008) argue that this effect will efficiently suppress fragmentation in regions of high column density, allowing massive stars to form without their masses being limited by fragmentation. In contrast, Peters et al. (2010b) find that fragmentation limits the growth of massive stars even when heating by direct stellar photons is included, but their simulations do not include the dust-reprocessed radiation field that is likely more important for regulating fragmentation, and are limited to regions of much lower density than the typical environment of massive star formation.
Magnetic fields limit fragmentation in two ways. First, they remove angular momentum. In a collapsing cloud, the densest regions collapse fastest, and as the gas falls inward it attempts to rotate faster and faster in order to conserve angular momentum. When the collapsing gas is threaded by a magnetic field, however, the resulting differential rotation between inner collapsing regions and outer ones that have not yet begun to collapse twists the magnetic field lines. The twist produces a magnetic tension force that transfer angular momentum from the inner to the outer regions, a process known as magnetic braking. Formally, for an axisymmetric flow, one can show (e.g., Stahler & Palla 2005) that the time rate of change of the angular momentum of a fluid element at a distance ϖ from the rotation axis due to magnetic forces is given by
where B is the magnetic field, and we have used cylindrical coordinates such that the components of B are (B ϖ , B φ , B z ). Thus in general if the toroidal (φ ) component of the magnetic field varies with either radial or vertical position, and the field also has a poloidal (ϖ or z) component, there will be a magnetic torque that alters the angular momentum of the gas. For the types of magnetic field configurations produced by collapse, the net effect is to transport angular momentum outward. This process in-hibits the formation of rotationally-flattened structures (e.g. accretion disks). This is significant from the standpoint of fragmentation, because rotational flattening raises the density of the gas as it approaches the star, and dense, rotationally-flattened structures are vulnerable to the Toomre instability (see below), in which the selfgravity of a flattened rotation structure overcomes support from thermal pressure and angular momentum, leading to fragmentation and collapse. Second, magnetic fields provide extra pressure support that prevents regions from collapsing unless their magnetic flux to mass ratios are below a critical value
Regions with masses small enough such that Φ/M < (Φ/M) crit are said to be magnetically sub-critical, meaning that they do not have enough mass to overcome magnetic pressure support and collapse. Observations indicate that star-forming cores, over a wide range of size and density scales, tend to have flux to mass ratios that are roughly uniformly distributed from 0 up to (Φ/M) crit (Crutcher 2012, and references therein) . Thus the median core is magnetically supercritical, and is able to collapse despite magnetic support. However, gravity overcomes magnetic support only by a factor of ∼ 2. If the flux to mass ratio is at all non-uniform, this implies that there may be significant amounts of mass contained in regions that are too magnetized to collapse. Simulations of massive protostellar cores by Hennebelle et al. (2011) find that, for realistic levels of magnetization, the number of fragments is reduced by a factor of ∼ 2 compared to a purely hydrodynamic calculation. More recently, Commerçon et al. (2011) and Myers et al. (2013) have studied the collapse of massive cores using both radiative feedback and magnetic fields, and the effects amplify one another. At early times, the extra magnetic braking provided by magnetic fields removes angular momentum and channels material to the center faster. This tends to raise the accretion rate and thus the luminosity, making radiative heating more effective. Moreover, radiative and magnetic suppression of fragmentation are complementary in that they operate in different regions. Radiation suppresses fragmentation within ≈ 1000 AU of a forming star, as found by Krumholz (2006) and subsequent radiation-hydrodynamic simulations, but becomes ineffective at larger radii. However, the regions more than ≈ 1000 AU from a forming star are precisely those that are mostly likely to be magnetically sub-critical, and thus magnetic fields are able to suppress fragmentation in these regions. Because each mechanism operates where the other is weakest, the combination of the two reduces fragmentation much more efficiently than one might naively guess. Figure  1 shows an illustration of this effect: a simulation with magnetic fields and radiation shows almost no fragmentation, while ones with either alone both experience some fragmentation, though still less than in a purely hydrodynamic case. Based on these simulations, Myers et al. (2013) conclude that compact, dense regions such as the observed massive cores are likely to form single star systems, rather than fragment strongly.
While this would seem to settle the question of whether fragmentation might limit stellar masses, it is worth noting that there is one final possible fragmentation mechanism that has not yet been evaluated via simulations. Kratter & Matzner (2006) point out that the disks around massive stars are likely to be gravitationallyunstable. Gravitational stability for a pressure-supported disk can be characterized by the Toomre (1964) parameter,
where κ ep is the epicyclic frequency (equal to the angular frequency of the orbit for a Keplerian disk), c s is the gas sound speed, and Σ is the gas surface density. Values of Q < 1 indicate instability of the disk to axisymmetric perturbations, and non-axisymmetric perturbations begin to appear at Q ≈ 1 − 2. Depending on the properties of the disk, these instabilities can run away and cause the disk to fragment into point masses. For a steady disk with dimensionless Shakura & Sunyaev (1973) viscosity α, the accretion rate through the disk is (e.g., Kratter et al. 2010 )
where the numerical evaluation for the sound speed uses c s = k B T /µ and the mean particle mass µ = 3.9 × 10 −24 g, appropriate for fully molecular gas of standard cosmic composition. Local instabilities such as the magnetorotational instability in the disk cannot produce α > 1, and the disk cannot be gravitationally stable if Q < 1, so the accretion rate through a gravitationally-stable disk where angular momentum is transported primarily by local instabilities is strictly limited from above. Accretion rates of 10 −4 M yr −1 in such disks are possible only if the temperature is ≈ 100 K. This means that there is a race between stellar heating and accretion. Forming a very massive star via accretion in a time less than its main sequence lifetime of a few Myr requires extremely high accretion rates -∼ 10 −3 M yr −1 for a > 100 M star. However, such high accretion rates tend to be more than a disk can process without going unstable and fragmenting, unless radiation from the central star can heat the disk up, allowing it to transport mass more quickly while remaining stable. However, this process of heating to allow more mass through has a limit: once the temperature required to stabilize the disk exceeds the dust sublimation temperature, it will not be easy to heat the disk further, and this may result in an instability so violent that the disk fragments entirely, halting further accretion. Kratter & Matzner (2006) estimate that this could limit stellar masses of ∼ 120 M . Simulations thus far have not probed this possibility, as no 3D simulations have reached such high stellar masses. However, we caution that Kratter & Matzner's scenario did not consider the effects of magnetic fields, which limit the disk radius and help stabilize it against fragmentation, or the effects of molecular opacity in the gas, which can provide coupling to the stellar radiation field and a means to heat the disk at temperatures above the dust sublimation temperature (Kuiper & Yorke 2013 ).
Radiation Pressure
The second potential difficulty in forming massive stars via accretion is the radiation pressure problem, first pointed out by Larson & Starrfield (1971) and Kahn (1974) . The problem can be understood very simply: the inward gravitational force per unit mass exerted by a star of mass M and luminosity L on circumstellar material with specific opacity κ located at a distance r is f grav = GM/r 2 , while the outward radiative force f rad = κL/(4πr 2 c). Since the radial dependence is the same, the net force will be inward only if
All stars above ∼ 20 M have L/M > 2500 L /M , so the question naturally arises: why doesn't radiation pressure expel circumstellar material and prevent stars from growing to masses substantially larger than ∼ 20 M ? The choice of opacity κ to use in evaluating this limit is somewhat subtle, because the dominant opacity source for circumstellar material will be dust that is mixed with the gas, which provides a highly non-gray opacity that will vary with position as starlight passes through the dust and is reprocessed by absorption and reemission. Thus there is no single value of κ that can be used in the equation above, and for an accurate result one must first compute the radiation field that results from the interaction of stellar photons with circumstellar dust, and then ask how the resulting radiation force compares to gravity. Nonetheless, detailed one-dimensional calculations by Wolfire & Cassinelli (1986 , Preibisch et al. (1995) , and Suttner et al. (1999) , including effects such as grain growth and drift relative to the gas, nonetheless confirm that radiation pressure is sufficient to halt accretion onto massive protostars at masses of ∼ 20 M for Milky Way dust abundances.
However, spherical symmetry is likely to be a very poor assumption for this problem, and a number of authors point out that relaxing it might reduce or eliminate the radiation pressure problem. The central idea behind these models is that the optically thick circumstellar matter around a rapidly-accreting protostar is capable of reshaping the radiation field emitted by the star, and making it non-spherical. If the radiation can be beamed, then the radiation force can be weaker than gravity over a significant solid angle even if the mean radiation force averaged over 4π sr is stronger than gravity. This beaming could be accomplished by a disk (Nakano 1989; Nakano et al. 1995; Jijina & Adams 1996) or an outflow cavity (Krumholz et al. 2005) , or by any other non-spherical feature that might be found in the flow.
The first radiation-hydrodynamic simulations in two dimensions found that beaming by the disk was indeed effective at channeling radiation away from an accreting star (Yorke & Kaisig 1995; Yorke & Bodenheimer 1999; Yorke & Sonnhalter 2002) , but that nevertheless the radiation field was able to reverse the accretion flow and prevent formation of stars larger than ∼ 40 M . The first three-dimensional radiation-hydrodynamic simulation, on the other hand, found that there was no flow reversal, and that mass was able to accrete essentially without limit (Krumholz et al. 2009 ). Figure 2 shows a snapshot from this simulation. The key physical process uncovered in these simulations was radiation Rayleigh-Taylor instability (RRTI): the configuration of a radiation field attempting to hold up a dense, accreting gas is unstable to the development of fingers of high optical depth material that channel matter down toward the star, while radiation preferentially escapes through low optical depth chimneys that contain little matter. While the instability was first discovered numerically, subsequently Jacquet & Jiang et al. (2013) performed analytic stability calculations that allowed them to derive the linear stability condition and linear growth rate for RRTI.
This picture was somewhat complicated by the work of Kuiper et al. (2010 Kuiper et al. ( , 2011 Kuiper et al. ( , 2012 , who pointed out that the numerical method used in the Krumholz et al. (2009) , while it provided a correct treatment of the dust-reprocessed radiation field, did not properly include the radiation force produced by the direct stellar radiation field. When Kuiper et al. include this effect, they find that the extra acceleration provided to the circumstellar matter is such that gas tends to be ejected from a protostellar core before the RRTI has time to become non-linear. While there is no reason to doubt that the result is correct in the case of an initially-laminar protostellar core as considered by Kuiper et al., it is unclear how general this result is, since any pre-existing density structure in the core will "jump-start" the growth of the instability and allow it to become non-linear in far less time. Such pre-existing density structures are inevitable given the regions of massive star formation are highly turbulent (e.g. Shirley et al. 2003) , and even in the absence of turbulence, gravitational instabilities in the accretion disk will tend to produce large density contrasts and possibly binary systems (Kratter et al. 2010) . 2 While there is debate about the role of RRTI, there is no debate about whether radiation pressure can actually halt accretion. Kuiper et al. (2011) and Kuiper & Yorke (2013) find that, even though radiation pressure is able to eject matter in their simulations, it is unable to eject the accretion disk, and thus that accretion can continue onto stars up to essentially arbitrary masses. Similarly, Cunningham et al. (2011) , confirming the hypothesis of Krumholz et al. (2005) , show that a protostellar outflow cavity produced by a massive star provides an efficient mechanism for radiation to escape, allowing accretion to continue essentially without any limit due to radiation pressure. Indeed, the presence of an outflow cavity removes the need for RRTI to occur, as it provides a pre-existing low-optical depth chimney through which radiation escapes. Thus, the consensus of modern radiation-hydrodynamic simulations of massive star formation that radiation pressure does not represent a serious barrier to the formation of stars up to essentially arbitrary masses.
Ionization Feedback
The third potential problem in forming very massive stars is photoionization: galactic molecular clouds generally have escape speeds below 10 km s −1 (e.g., Heyer et al. 2009 ), the sound speed in ∼ 10 4 K photoionized gas. As a result, if the gas in a star-forming region becomes ionized, the gas pressure may drive a thermal wind that will choke off accretion. This process is thought to be a major factor in limiting the star formation efficiency of giant molecular clouds (e.g., Whitworth 1979; Matzner 2002; Krumholz et al. 2006) . However, it is much less clear whether photoionization can limit the formation of individual massive stars. The key argument on this point was first made by Walmsley (1995) , who noted that an accretion flow onto a massive star can sharply limit the radial extent of an H II region. This is simply a matter of the ionizing photon budget: the higher the mass inflow rate, the higher the density of matter around the star, and thus the higher the recombination rate and the smaller the Strömgren radius. If the radius of the ionized region is small enough that the escape speed from its outer edge is > 10 km s −1 , then photoionized gas will not be able to flow away in a wind or escape. This problem was first considered by Walmsley (1995) , who considered an accretion flow in free-fall onto a star, and showed that the escape speed from the edge of the ionized region will exceed the ionized gas sound speed c i if the accretion rate satisfieṡ
where M * is the stellar mass, S is the star's ionizing luminosity (photons per unit time), µ H = 2.34 × 10 −24 is the mean mass per H nucleus, α B ≈ 2.6 × 10 −13 cm 3 s −1 is the case B recombination coefficient, and v esc, * is the escape speed from the stellar surface. The factor of 2.2 in the denominator arises from the assumption that He is singly ionized. The numerical evaluation uses v esc, * = 1000 km s −1 and c i = 10 km s −1 , but the numerical result is only logarithmically-sensitive to these parameters. Thus an accretion rate of ∼ 10 −4 M yr −1 is sufficient to allow continuing accretion onto even an early O star. Given the dense, compact environments in which massive stars appear to form, such high accretion rates are entirely expected (McKee & Tan 2003) . Keto (2003) extended Walmsley's result by deriving a full solution for a spherical inflow plus ionization front in spherical symmetry, and reached the same qualitative conclusion. Keto & Wood (2006) , Klaassen & Wilson (2007) , and Keto & Klaassen (2008) provide direct observational evidence for accretion in photoionized regions.
This argument makes clear that whether photoionization can limit accretion onto massive stars depends critically on the interplay between the initial conditions, which determine the accretion rate, and stellar evolution, which determines the ionizing luminosity. If the accretion rate drops low enough, and the ionizing flux is high enough, then the ionized region will extend out to the point where photoioinzed gas can escape and accretion will be choked off. The geometry of the flow matters as well. Keto (2007) considered rotating infall, and showed that this may result in a configuration where the ionized region blows out in the polar direction, but continues uninhibited through a denser equatorial disk that self-shields against the ionizing photons. In three dimensions turbulent structure may plan an analogous role. Dale et al. (2005) and Peters et al. (2010a Peters et al. ( , 2011 have simulated the formation of massive stars and star clusters including photoionization feedback, and they find that photoionization is generally unable to disrupt accretion flows. In the simulations, accretion tends to be highly aspherical, proceeding through disks and filaments, as illustrated in Figure 3 . Because these structures are dense, they have very high recombination rates and thus are resistant to being photoionized. The structure that tends to result in these simulations is that there are low-density ionized regions where material is escaping, but that the majority of the mass is contained in dense filaments where it continues to accrete. As a result, in Dale et al.'s simulations accretion is able to continue to masses of several hundred M , while in Peters et al.'s simulations reach a mass of ∼ 70 M without photoionization halting accretion.
There has been considerably more work on whether ionization can halt accretion in the context of the formation of the first stars. McKee & Tan (2008) developed an analytic model for several forms of feedback, and argued that photoionizing radiation will blow out the polar regions of a rotating accretion flow around an accreting star once its mass reaches ∼ 50 − 100 M , will thereafter go on to photoevaporate the disk. This process will halt accretion at a mass of ∼ 150 M . Hosokawa et al. (2011) (2012) and Susa (2013) , and in a 2D simulation of metal free-star formation in gas that was externally ionized before collapsing (so-called population III.2 star formation), Hosokawa et al. (2012) found an even lower limiting mass of 20 M .
The fairly low limiting masses found in the simulations of primordial star formation appear to be in some tension with the results of the numerical simulations of present-day star formation. At first one might think that the presence or absence of dust opacity provides an obvious explanation for the difference, but it is not clear if this is the case. Even at Solar metallicity, most ionizing photons are absorbed by hydrogen atoms and not dust grains (see the Appendix of Krumholz & Matzner 2009 for a discussion of why this is), so dust is responsible for removing only a small fraction of ionizing photons. Similarly, primordial H II regions have somewhat higher temperatures (due to lack of metal lines cooling) and metal-free stars have somewhat higher ionizing luminosities (due to the lack of metal opacity in the stellar atmosphere)
A more promising explanation has to do with the initial conditions, which determine the accretion rate and geometry of the inflow. In an isolated star-forming core, which is the initial condition employed in the primordial calculations, once the photoionized region escapes from the vicinity of the star it can choke off further accretion onto the disk, leaving the disk subject to photoevaporation. However this does not appear to happen in a flow that is continuously fed by large amounts of mass supplied from larger, ∼ 1 pc scales, as occurs in the present-day star formation simulations. This mass supply into the filaments and disks appears to shield them against photoevaporation. If the initial conditions are the key difference, then for the case of present-day star formation this suggests that the mass limit imposed by photoionization is likely to depend on the large-scale environment, though exactly which environmental properties are important remains uncertain.
Finally, as a caveat, it is important to note that the treatments of ionizing radiative transfer used in the codes for the simulation of both the present-day and primordial star formation are based on a simple ray-trace using the "on-the-spot" approximation. In this approximation, one treats ionizing photons produced by recombinations in the ionized gas as having a mean free path of zero, so that photons produced by a recombination to the ground state are re-absorbed on the spot rather than propagating a finite distance. Thus the diffuse radiation field produced by recombinations is ignored, and shadowing is too perfect. This is potentially problematic for the treatment of accretion disks, as the photoevaporation of disks is probably dominated by the diffuse photons produced in the photoionized atmosphere above the disk, rather than by direct stellar radiation (Hollenbach et al. 1994; McKee & Tan 2008) . Thus it is unclear if the numerical results are reliable. The question of whether photoionization might limit stellar masses thus remains an only partially-solved problem.
Stellar Winds
A final potential challenge for the formation of massive stars by accretion has received far less theoretical attention: stellar winds. Once the surface temperatures of stars exceed ∼ 2.5 × 10 4 K, they begin to accelerate fast, radiatively-driven winds (Leitherer et al. 1992; Vink et al. 2000 Vink et al. , 2001 . Zero-age main sequence stars reach this temperature at a mass of ∼ 40 M , and stars of this mass have such KelvinHelmholtz timescales that, even if they are rapidly accreting, their radii and surface temperatures during formation are likely to be close to their ZAMS values (Hosokawa & Omukai 2009 ). The momentum carried by these winds is about half that of the stellar radiation field (Kudritzki et al. 1999; Richer et al. 2000; Repolust et al. 2004) , and so if the direct stellar radiation field cannot stop accretion then the momentum carried by stellar winds will not either.
However, winds might yet be important, because the wind launch velocity is quite large, ∼ 1000 km s −1 . As a result, when the winds shock against the dense accretion flow, their post-shock temperature can be > 10 7 K, well past the peak of the cooling curve (Castor et al. 1975; Weaver et al. 1977) , and as a result the gas will stay hot rather than cooling radiatively. Should it become trapped, this hot gas could exert a pressure that is far greater than what would be suggested by its launch momentum -in effect, it could convert from a momentum-driven flow to an energy-driven one (cf. Dekel & Krumholz 2013) . If this were to happen, it is possible that the stellar wind gas might be able to interfere with accretion.
There has been a great deal of work on the interaction of post-shock stellar wind gas with the ISM on the scale of star clusters (e.g., Tenorio-Tagle et al. 2007; Dale & Bonnell 2008; Rogers & Pittard 2013) . This work suggests that the wind gas tends, much like radiation, to leak out through openings in the surrounding dense gas rather than becoming trapped and building up a large pressure. Indeed, on the cluster scale observations appear to confirm that the pressure exerted by the hot gas is subdominant (Lopez et al. 2011) . However, there is no comparable work on the scale of individual stars, and it is therefore possible that the situation there could be different. Moreover, even when the wind gas does escape on cluster scales, as it flows past the colder, denser material it tends to entrain and carry of some of it. Again, the question of whether this might happen to the accretion flows around individual protostars has yet to be addressed. Given the lack of theoretical or observational attention, the best that can be said for now is that, if the interaction between stellar winds on small scales resembles those seen on larger scales, stellar winds are unlikely to set significant limits on the masses to which stars can grow by accretion.
The Formation of Very Massive Stars by Collision
The discussion in the previous section indicates that there is no strong argument against the idea that very massive stars form via the same accretion mechanisms that give rise to stars of lower masses. However, it is also possible for very massive stars to form through an entirely different channel: collisions between lower mass stars. The central challenge for forming massive stars via collisions is the very small cross-sectional area of stars compared to typical interstellar separations, and the relatively short times allowed for collisions by the lifetimes of massive stars. Very massive stars are found routinely in clusters with central densities ∼ 10 4 pc −3 (e.g. Hillenbrand & Hartmann 1998), and the highest observed central densities in young clusters are ∼ 10 5 pc −3 (Portegies Zwart et al. 2010, their Figure 9) , with the possible exception of R136 (Selman & Melnick 2013) . If gravitational focusing is significant in enhancing collision rates (usually the case for young clusters), the mean time between collisions in a cluster consisting of stars of number density n and velocity dispersion σ , each with mass m and radius r, is (Binney & Tremaine 1987) t coll = 7.1n
where n 4 = n/10 4 stars pc −3 , σ 1 = σ /10 km s −1 , r 0 = R/R , and m 0 = m/M . Thus under observed cluster conditions, we expect < 1 collision between 1 M stars to occur within the ∼ 4 Myr lifetime of a massive star. Collision rates for stars more massive than the mean require a bit more care to calculate, but even under the most optimistic assumptions, production of very massive stars via collisions requires that clusters reach stellar densities much higher than the ∼ 10 4 pc −3 seen in young clusters. This dense phase must be short-lived, since it is not observed. Models for the production of massive stars via collision therefore consist largely of proposals for how to produce such a short-lived, very dense phase. In this section I examine the collisional formation model. In sections 3.1 and 3.2 I describe two possible scenarios by which collisions could occur, and I discuss the mechanics of the collisions themselves, and the role of stellar evolution in mediating collisions, in Section 3.3.
Gas Accretion-Driven Collision Models
The first class of proposed mechanisms to raise the density high enough to allow collisional growth consists of processes that occur during the formation of a star cluster when it is still gas-rich. In a gas-rich cluster, stars can accrete gas, and this process is dissipative: it reduces the total gas plus stellar kinetic energy of the system, with the lost energy going into radiation from accretion shocks on the surfaces of protostars, and from Mach cones created by supersonic motion of stars through the gas. To see why this should lead to an increase in density, it is helpful to invoke the virial theorem. For a system where gravity, thermal pressure, and ram pressure are the only significant forces, the Lagrangian virial theorem states that (Chandrasekhar & Fermi 1953; Mestel & Spitzer 1956 )
where I = r 2 dm (10)
are the moment of inertia, the total kinetic plus thermal energy, and the gravitational binding energy, respectively 3 . The quantity Φ is the gravitational potential. If there are significant forces on the surface of the region, or significant magnetic forces, additional terms will be present, but for the moment we will ignore them. The process of shock dissipation reduces T while leaving W unchanged, so the right-hand side becomes negative, and, on average, the system will tend to accelerate inward to smaller radii. This infall converts gravitational binding energy to kinetic energy, so both T and −W rise by the same amount. Because of the factor of 2 in front of T in equation (9), this tends to push the right-hand side back toward zero: the system is re-virializing, but at a smaller radius, higher density, and larger kinetic and (in absolute value) binding energy. However, this new equilibrium will last only as long as shocks do not keep decreasing T . If shocks continue to happen, this will drive a continuous decrease in radius, and a continuous rise in density of both gas and stars. Bonnell et al. (1998) proposed the first version of this model, and argued that it could drive stellar densities to ∼ 10 8 pc −3 , at which point collisions would become common and massive stars could build up in this manner. The required density can be lowered significantly if all massive stars are in primordial hard binaries , but even for such a configuration a significant rise in stellar density compared to observed conditions is required.
Bonnell et al. suggested that contraction would halt only when gas was removed by feedback from the forming massive stars. This halts contraction because, once the gas is removed, there is no longer a dissipation mechanism available to reduce T . However, Clarke & Bonnell (2008) subsequently realized that at sufficiently high density two-body relaxation would become faster than dissipation, and this would halt further shrinkage. In terms of the virial theorem, the increase in −W required to increase T and balance the dissipation starts to come from stars forming tight binaries rather than from overall shrinkage of the system. The maximum density that can be reached therefore depends on the total cluster mass, in such a manner as to prevent collisions from becoming significant in clusters substantially smaller than ∼ 10 4 M . It is important to note that this excludes the Orion Nebula Cluster, which contains a star of ≈ 38 M (Kraus et al. 2009), suggesting that stars of at least this mass at least can form via non-collisional processes.
These conclusions were based on analytic models, but more recently Moeckel & Clarke (2011) and Baumgardt & Klessen (2011) conducted N-body simulations including analytic prescriptions for the effects of gas accretion. 4 In these models, the gas is treated as a fixed potential that is reduced as the stars gain mass, eventually disappearing entirely when a prescribed amount has been accreted; this sets the limit on the duration of the gas-dominated phase. Figure 4 shows an example output from one of these simulations. As anticipated by Clarke & Bonnell (2008) , in these models the stars sink to the center until they form a stellar-dominated region in which two-body relaxation inhibits further contraction, though these regions can also undergo core collapse (see the next section). They both find that, as a result of this limitation, stellar collisions during the gas-dominated phase are negligible unless the initial conditions are already very compact or massive, with half-mass radii of ∼ 0.1 pc or less and/or masses of ∼ 10 4 M or more.
The requirement for very high initial densities creates significant tension with observations. Moeckel & Clarke (2011) find that even the Arches cluster is insufficiently dense to have produced stellar collisions up to this point, despite the fact that it contains numerous very massive stars. Similarly, Baumgardt & Klessen (2011) find that, once the gas potential is removed and clusters re-virialize, those that began their evolution at densities high enough to induce significant numbers of collisions end up far too compact in comparison to observed open clusters, including those containing very massive stars. As a result of these findings, both sets of authors tentatively conclude that stellar collisions during the gas-dominated phase cannot be the dominant route to the formation of very high mass stars, though they cannot rule out the possibility that such collisions occur in rare circumstances.
Before relying on these conclusions too heavily, it is important to understand the limitations of these calculations. Undoubtedly the largest one is the simple prescription used to treat the gas. In these models, the shape of the gas potential (though not its depth) is fixed, the accretion rates onto stars are fixed and independent of stellar mass or position, and the final star formation efficiency is also fixed. Obviously none of these assumptions are fully realistic. In particular, depending on the effectiveness of stellar feedback, the gas potential might either shrink and promote increases in stellar density, or the gas potential might vary violently in time as gas is pushed around by stellar feedback, pumping energy into the stars and preventing contraction -indeed, the latter is seen to occur in at least some simulations that do treat the gas (Li & Nakamura 2006; Nakamura & Li 2007; Wang et al. 2010) . It is unclear how the conclusions might change if these phenomena were treated more realistically.
Gas-Free Collision Models
The second class of models for inducing growth of very massive stars via collisions takes place in the context of gas-free clusters. These mechanisms, and their potential role in young massive clusters, were recently reviewed by Portegies , and I refer readers there for further details. The advantage of this approach compared to the gas-driven one is that the time available for collisions is longer, but the disadvantage is the lack of gas drag as a mechanism for raising the density.
Clusters of equal-mass stars are unstable to spontaneous segregation into a contracting core and an expanding envelope, in which the negative heat capacity of the system drives a continuous transfer of energy out of the core and thus ever-higher densities (Lynden-Bell & Wood 1968) . In a cluster containing a spectrum of masses, contraction of the core is further enhanced by the tendency of the stars to masssegregate, with the core consisting of more massive, dynamically-cool stars, and the envelope consisting of low-mass, dynamically-hot ones (Spitzer 1969; Gürkan et al. 2004 ). While there is no doubt that these processes operate, it is uncertain whether they are fast enough to produce collisions within the ∼ 4 Myr lifetime of the most massive stars. Portegies Zwart et al. (1999) conclude based on N-body simulations that collisions will occur before massive stars die enough if the central density starts at ∼ 10 7 stars pc −3 . In this case, the mergers themselves are dissipative and will trigger further core contraction, leading to runaway formation of a single very massive object. As in the case of gas-driven collisions, the existence of a large population of primordial hard binaries can somewhat reduce the density required to initiate this cascade (Portegies Zwart & McMillan 2002) . Even so, the initial densities required in the simplest gas-free collision models would preclude the possibility of very massive stars forming by collisions except perhaps in R136. Models in which a significant fraction of very massive stars form via collision therefore generally posit a set of initial conditions that significantly increases the collision rate.
One way to shorten the time required for core collapse and the onset of collisions is to consider a cluster with primordial mass segregation, meaning that the cluster is mass-segregated even before the gas-free evolution begins (e.g. Ardi et al. 2008; Goswami et al. 2012; Banerjee et al. 2012a,b) . Such a starting configuration reduces the time requires for core collapse to begin because it provides both a higher density and a higher mean stellar mass (and thus a lower relaxation time) in the cluster center. Depending on the degree of mass segregation, the reduction in time to the onset of core collapse and collisions can be ∼ 1 − 2 Myr, a non-trivial fraction of the lifetime of a very massive star, and simulations using sufficiently mass-segregated initial conditions generally find that collisions become common before massive stars end their lives.
The extent to which star clusters actually are primordially mass-segregated is unclear. Observations generally show at least some degree of mass segregation in present-day clusters, but the amount varies widely. At the low-mass end of clusters containing massive stars, in the Orion Nebula Cluster the Trapezium stars are all at the cluster center, but there is no observed mass segregation for any stars except these (Hillenbrand & Hartmann 1998; Huff & Stahler 2006) . In NGC 3603 (Pang et al. 2013 ) and R136 (Andersen et al. 2009 ), the cluster is segregated throughout so that the mass function is flatter at small radii, but more massive stars are more segregated than less massive ones. However, all of these clusters are ∼ 1 − 3 Myr old, so it is entirely possible that the segregation we see now is a product of dynamical evolution during this time, not primordial segregation -indeed, Pang et al. (2013) argue that the segregation they observe in NGC 3603 is more consistent with dynamical evolution from a weakly-segregated or unsegregated initial state than with primordial segregation. Unfortunately answering this question fully would require that observations probe the gas-enshrouded phase, which is possible only in the infrared, where low resolution creates severe difficulties with confusion. Indeed, confusion is a serious worry for measurements of mass segregation even in optically-revealed clusters (Ascenso et al. 2009 ).
Another way to accelerate the dynamical evolution of star clusters is to begin from unrelaxed initial conditions. Both observations (Fűrész et al. 2008; Tobin et al. 2009 ) and simulations (Offner et al. 2009a ) of star clusters that are still gasembedded show that the stars are subvirial with respect to the gas, and such cold conditions lead to more rapid dynamical evolution than virialized initial conditions (Allison et al. 2009 ). Larger star clusters may also be assembled via the mergers of several smaller clusters within the potential provided by a massive gas cloud (Bonnell et al. 2003; McMillan et al. 2007; Fujii et al. 2012 ). These smaller clusters, since they have smaller numbers of stars, also have smaller time-scales for core collapse. Allison et al. (2009) find that substructured initial conditions accelerate mass segregation, but it is unclear whether they do so enough to accelerate collisions. Fujii & Portegies find that the extent to which the formation of a large cluster out of multiple star clusters influences collisions depends on the ratio of the assembly time to the core collapse time of the initial subclusters. If the subclusters undergo core collapse before merging, then they may have a few internal collisions, but there are no collisions in the merged cluster, and collisional growth of stars is negligible overall. On the other hand, if core collapse does not occur in the subclusters before they merge, the evolution is similar to that of a cluster that formed as a single entity.
In summary, collisions during the gas-free phase are unlikely to contribute significantly to the growth of very massive stars if star clusters are born virialized and non-segregated, but in reality neither of these assumptions is likely to be exactly true. The viability of collisional formation models then turns sensitively on the extent to which these assumptions are violated, and this question is unfortunately poorly constrained by observations. Hydrodynamic simulations of the formation of massive star clusters that include the gas-dominated phase may be helpful in addressing this question, but to be credible these simulations will need to include feedback processes such as stellar winds, photoionization, and radiation pressure that are presently omitted from most models.
Stellar Evolution and Massive Star Mergers
One important subtlety for models of the growth of massive stars via mergers is that the outcome depends not just on N-body processes, but also on the physics of stellar collisions, and on the structure and subsequent evolution of stellar merger products. Both questions have been the subject of considerable study in the context of mergers between low-mass stars leading to the production of blue stragglers, but only a few authors have conducted similar simulations for mergers involving massive stars. Mergers involving massive stars (particularly very massive ones) may be substantially different than those involving low-mass stars because of the importance of radiation pressure for massive stars. As stellar mass increases, the increasing dominance of radiation pressure brings the structure close to that of an n = 3 polytrope, which is very weakly bound. Moreover, radiative forces may be non-negligible during the collision itself. For example, just as radiation pressure may be capable of inhibiting accretion, it may be capable of ejecting material that is flung off stellar surfaces during a collision, thereby increasing mass loss during the collision.
One quantity of interest from stellar merger simulations is the amount of prompt mass loss during the collision itself. Models for collisional growth generally assume that the mass loss is negligible, thus maximizing the collisional growth rate. Freitag & Benz (2005) , Suzuki et al. (2007) , and Glebbeek et al. (2013) all find in their simulations that losses are indeed small, with at most ∼ 10% of the initial mass being ejected for realistic collision velocities. In three-body mergers produced when an intruder enters a tight binary system, the loss can be as large as ∼ 25% (Gaburov et al. 2010 ). However, a very important limitation of these simulations is that they do not include any radiative transfer, and treat radiation pressure as simply an extra term in the equation of state, with the radiation pressure determined by the matter temperature, which in turn is determined by hydrodynamic considerations. This is likely to be a very poor approximation for the material that is flung outward from a collision, where illumination from the central merged object will dominate the thermodynamics, as it does in the case of accretion onto massive stars. In the approximation used by the existing merger simulations, it is impossible for radiation pressure to eject matter, and thus the ∼ 5 − 10% mass loss found in the simulations simply represents the mass of material that is raised to escape velocities during the collision itself. This figure should therefore be thought of as representing a lower limit. There is a clear need to reinvestigate this problem using a true radiation-hydrodynamics code. If the mass loss has been underestimated, collisional growth will be harder than is currently supposed.
A second quantity of interest from merger simulations is the radius of the merger product. When stars merge, shocks during the collision raise the entropy of the stellar material, so that when hydrostatic equilibrium is re-established a few days after the merger, the resulting star will initially be very bloated compared to main sequence stars of the same mass, and will gradually shrink over a Kelvin-Helmholtz timescale (Dale & Davies 2006; Suzuki et al. 2007 ). Building up very massive stars via collisions likely requires multiple mergers, and at the very high densities required, the interval between mergers may be smaller than the KH timescale, so that the growing stars will have enlarged radii. Whether this will enhance or reduce the rate of collisional growth is unclear. Suzuki et al. (2007) point out that the enhanced radii of the merger products make them bigger targets that are more likely to collide with other stars. On the other hand, Dale & Davies (2006) note that the envelopes of the post-merger stars are even more weakly bound than those of massive main sequence stars, and as a result such collisions may actually erode the envelope rather than add to it, ultimately limiting collisional growth. Which effect dominates is unclear, as no merger simulations involving such swollen stars have been reported in the literature.
A final consideration for collisional growth models in the gas-free phase, where the timescales involved may be several Myr, is mass loss via stellar winds. At masses below ∼ 100 M , wind mass loss rates are considerable, but are unlikely to be able to counteract the effects of collisional growth if the density is high enough for runaway merging to begin. However, little is known about wind mass loss rates at still higher masses, and there are good empirical arguments that they might be orders of magnitude larger (Belkus et al. 2007) . N-body simulations using these enhanced winds find that they remove mass from stars faster than collisions can add it, yielding only very transient growth to large masses, followed by rapid shrinkage back to ∼ 100 M (Yungelson et al. 2008; Vanbeveren et al. 2009; Glebbeek et al. 2009 ). Figure 5 provides an example. Moreover, the winds might remove mass so efficiently that they reduce the gravitational potential energy of the system fast enough to offset the loss of kinetic energy that occurs during mergers, halting the collisional cascade completely.
Observational Consequences and Tests
Having reviewed the various models for the origins of very massive stars, I now turn to the question of their predictions for observable quantities, and how these might be used to test the models. One can roughly divide these predictions into those that apply on the scale of star clusters, and those that apply on the scale of individual star systems.
The Shape of the Stellar Mass Function
On the cluster scale, one obvious difference between collisional and accretion-based models of massive star formation is their predictions for the form of the stellar mass function at the massive end -note that I refer here to the present-day mass function (PDMF) rather than the initial mass function (IMF), since in gas-free collision models very massive stars are absent in the IMF and only appear later due to collisions. As discussed above, in the case where massive stars form by the same accretion processes that produce low-mass stars, one naturally expects that very massive stars should simply be a smooth continuation of the Salpeter mass function seen at lower masses. The situation is very different for collisional models, where very massive stars form via a fundamentally different process than low mass ones. Not surprisingly, this different formation mechanism gives rise to a feature in the stellar mass function.
For the gas-driven collision gas, both Moeckel & Clarke (2011) and Baumgardt & Klessen (2011) find that the typical outcome of collisions is one or two objects whose masses are much greater than those of any other object, and a corresponding depletion of objects slightly less massive than the dominant one or two. Figure  6 shows an example result from Baumgardt & Klessen (2011) . As the plot shows, collisions that yield very massive stars of several hundred M tend to produce an overall mass function in which the range from ∼ 10 − 100 M is actually significantly under-populated relative to the Salpeter slope found at lower masses, while the one or two most massive objects that are formed by collision represent a significant over-population relative to Salpeter. Unfortunately the authors of models in which collisional growth occurs during the gas-free phase have generally not reported the full mass functions produced in their simulations, but given that the mechanism for assembling the very massive stars is essentially the same as in the gas-driven models -runaway collisions that agglomerate many massive stars into one or two supermassive ones -it seems likely that these models would predict a similar functional form for the mass function.
At present there is no observational evidence for mass functions of this form. Massey & Hunter (1998) report that the mass function in R136 is well-approximated by a single powerlaw with a Salpeter-like slope from 3 − 120 M , and Andersen et al. (2009) report a continuous powerlaw slope over an even wider range of mass, with no evidence for a turn-down in the vicinity of 10 M . Similarly, Espinoza et al. (2009) examine the Arches cluster and report that the mass function above 10 M is well-described by a powerlaw with a slope Γ = −1.1 ± 0.2, consistent within the errors with the Salpeter value Γ = −1.35. There are significant systematic uncertainties on these values, arising mostly from the challenge of assigning masses to stars based on photometry, but it is important to note that a mass function of the form predicted the collisional simulations should be apparent even from the luminosity function, independent of the mapping between luminosity and mass. Due to confusion, even luminosity functions can be difficult to measure in the cores of clusters dense enough to be candidates for collisions, but this data should improve significantly in the era of 30m-class telescopes. Observations with these facilities should be able to settle the question of whether the mass and luminosity functions in cluster cores show the characteristic signature of a depletion from ∼ 10 − 100 M coupled to a one or two stars at a few hundred M that is predicted by collisional models.
Environmental-Dependence of the Stellar Mass Function
A second possible discriminant between accretion and collision as mechanisms for the formation of very massive stars is the way the stellar mass function depends on the large-scale properties of the cluster. As noted above, both gas-free and gasdriven collision models require very high stellar densities (even in the present-day state) and very high cluster masses; Baumgardt & Klessen (2011) argue that clusters where gas-driven collisions occur all end up too compact compared to observed ones, and Moeckel & Clarke (2011) argue that the Arches is not dense enough to be able to produce significant collisions. In contrast, accretion models either predict that the stellar IMF will be independent of environment, or that massive stars will be biased to regions of high surface density (Krumholz & McKee 2008; Krumholz et al. 2010 ). Accretion models do not predict that there should be an upper limit to stellar masses that is a function of either cluster mass or central stellar density. This is a somewhat weaker test than the functional form of the stellar mass function, simply because the model predictions are somewhat less clear, but it may nonetheless provide a valuable complement. The challenge here will be obtaining a sample large enough to see if there is a statistically-significant correlation between the presence of absence of stars above some mass and properties of the environment like cluster mass or density. The major challenge is that one expects a correlation between maximum stellar mass and cluster size simply due to size of sample effects. Observations must therefore remove the size of sample effect statistically, and search for a small correlation that might remain once the size of sample effect is removed. Some authors have claimed to detect such a correlation already in Galactic clusters (Weidner et al. 2010 (Weidner et al. , 2013 , while others have reported the absence of any such correlation in extra-Galactic environments (Calzetti et al. 2010; Fumagalli et al. 2011; Andrews et al. 2013) . Given the poorly-understood selection issues associated with the Galactic sample (which is culled from the literature, rather than produced by a single survey), it seems likely that the extragalactic results based on uniform samples are more reliable, but the issue remains disputed.
An observation of a very massive star formed in relative isolation would also be strong proof that collisions are not required to make such stars, though it would not rule out the possibility that some stars form that way. There are several candidates for isolated stars with masses above ∼ 20 M (and in some cases as much as 100 M ; Bressert et al. 2012; Oey et al. 2013) , and which appear unlikely to be runaways because they have small radial velocities and no bow shocks indicating large transverse motions. However, there remains the possibility that these are "slow runaways" with that were ejected very early and thus managed to reach fairly large distances from the cluster despite their fairly small space velocities (Banerjee et al. 2012a ).
Companions to Massive Stars
The properties of massive star companions provide a final potential test for distinguishing accretion-based and collisional formation models. It is well known that massive stars are much more likely that stars of lower mass to be members of multiple systems. Mason et al. (2009) report a companion fraction of 75% for O star primaries in Milky Way star clusters 5 , while Sana et al. (2013) find a companion fraction of 50% for O stars in the Tarantula Nebula in the Large Magellanic Cloud. Sana et al. (2012) estimate that 70% of O stars have a companion close enough that they will exchange mass with it at some point during their main sequence or postmain sequence evolution, and that 1/3 of O stars have a companion so close that they will merge 6 . From the standpoint of formation theories, a high binary fraction is expected regardless of whether massive stars are formed via accretion (e.g. Kratter et al. 2008 Kratter et al. , 2010 Krumholz et al. 2012) or collisions (e.g. Portegies Zwart et al. 1999; . However, much less is known about the prevalence of low-mass companions to massive stars, or to tight massive binaries, and the statistics of low-mass companions to massive stars provide another potential test of formation models.
Accretion-based models predict that, in addition to their massive companions, massive stars are also very likely to have low-mass companions at separations of ∼ 100 − 1000 AU (Kratter & Matzner 2006; Kratter et al. 2008 Kratter et al. , 2010 Krumholz et al. 2012) . The authors of collisional models have not thus far published detailed predictions for massive binary properties, but these should be trivial to obtain from the simulations already run, and it seems likely that the dense dynamical environment required for collisions would strip any low-mass, distant companions from massive stars. Thus observations capable of probing large mass ratios at intermediate separations might be a valuable test of massive star formation models.
This range is unfortunately relatively hard to probe via observations, as the expected radial velocity shifts are too small to be measured against the broad lines of a massive star, and the large contrast ratio makes direct imaging difficult. Observations using high contrast techniques like speckle imaging (Mason et al. 2009 ), adaptive optics (Sana et al. 2010) , and lucky imaging (Maíz Apellániz 2010) are starting to push into this range, but still have some distance to go. Consider a primary massive star of mass M p with a companion of mass qM p (with q < 1) in a circular orbit with semi-major axis a. The system is a distance d from the Sun. Spectroscopic surveys are generally limited in their ability to detect companions by the velocity semi-amplitude v lim to which they are sensitive, which is generally ∼ 5 − 10 km s −1 depending on the linewidths of the primary star (e.g. Kiminki et al. 2007; Kobulnicky & Fryer 2007) . The companion is detectable only if
Imaging surveys are limited by the contrast they can achieve. For example, Sana et al. (2010) estimate that their detection threshold is a contrast of ∆ K s ≈ ∆ K s,0 (r − 0. 24) 1/3 , where ∆ K s,0 = 6 mag and r is the angular separation in arcsec and ∆ K s is the contrast in the K s band. Given a mass-magnitude relationship K s (M), a companion will be detectable if Figure 7 shows the ranges of q and a over which companions to massive stars are detectable given these sensitivities. The next generation of high-contrast systems designed for planet imaging, such as the Gemini Planet Imager (GPI) and Spectro-Polarimetric High-contrast Exoplanet Research instrument (SPHERE) should push much farther and be able to detect even very low mass companions to massive stars. Indeed, the contrast ratios these instruments can achieve is such that, outside of their occulting stops, they should be sensitive to companions to O stars down to the hydrogen burning limit. Figure 7 shows an estimate of the sensitivity region for GPI. Observations using these instruments provide a definitive census of massive star companions at high mass ratio and intermediate separation. This is likely to prove a powerful constraint on formation models.
Conclusions and Summary: Does Star Formation Have an
Upper Mass Limit?
Having discussed the two main formation scenarios, I now return to the question of whether star formation has a mass limit. To review, there is at present no really convincing evidence that any mechanism is capable of halting the growth of stars by accretion. The classical mechanism for limiting stellar masses is radiation pressure, but non-spherical accretion, produced by some combination of disks, outflow cavities, and instabilities appears to defeat this limit. Similarly, the problem of gas fragmenting too strongly to form massive stars appears to be solved by a combination of radiative heating and magnetic fields, though the possibility that disk fragmentation might at some point limit stellar masses remains. Photoionization and stellar winds are somewhat more promising as mechanisms that might limit stars' growth, but these remain at best possibilities. There are no real analytic models applicable to present-day (as opposed to primordial) star formation that suggest what limits these mechanisms might impose, and there are no simulations demonstrating that either of these processes are capable of terminating accretion. A fair description of the state of the field a decade ago might have been that the presumption was in favor of feedback limiting massive star formation, and that the burden of proof was on those trying to show that feedback could be overcome. The last decade of work has reversed that situation, with all tests thus-far performed showing that accretion is very difficult to reverse. This does not prove that no mechanism can limit stellar masses, but does mean that such a limit would need to be demonstrated. For collisions, the question is not whether but where they can create very massive stars. There is no doubt that collisions and collisional growth will occur if the conditions are dense enough, and the only question is the frequency with which such dense conditions are created in nature, which in turn will determine the contribution of the collisional formation channel to the overall population of very massive stars. No presently-observed star cluster has a density high enough for collisions to be likely, but it is possible that these clusters experienced a very dense phase during which collisions occurred. This could have been either an early gas-dominated phase or a later phase of core collapse aided by primordial mass segregation and high levels of primordial substructure. However, the threshold density required to achieve significant collisional growth depends on details of massive star mergers and winds that are poorly understood. Even for favorable assumptions about these uncertain parameters, it is not clear that the observed present-day properties of massive star clusters can be reconciled with an evolutionary history in which they were once dense enough to have produced collisions.
There are a number of observational tests that may be able to settle the question of which of these mechanisms is the dominant route to the formation of the most massive stars. Accretion models predict that massive stars are simply the tip of the iceberg of normal star formation, so that the high end of the stellar mass function is continuous and does not depend radically on the environment, and that massive stars are likely to have low-mass as well as high-mass companions. Although the ob-servable consequences of the collisional formation models have received somewhat less attention, such models appear to predict quite different results: there should be a large gap in stellar mass functions separating the bulk of the accretion-formed stellar population from the few collisionally-formed stars, and this feature should appear only in the most massive and densest clusters. It seems likely that these collisionally-formed stars will lack low-mass companions. It should be possible to perform most or all of these observational tests with the coming generation of telescopes and instruments, which will provide higher angular resolution and contrast sensitivity than have previously been possible. 8 Fig. 1 Column densities from simulations of the collapse of massive protostellar cores (Myers et al. 2013) . The left column (BR) shows simulations including both magnetic fields and radiative feedback. The middle column (MI) uses magnetic fields but no radiation, while the right column (HR) uses radiation but has not magnetic field. Rows show snapshots at uniformly-spaced times, from the initial state to 0.6 core free-fall times. The region shown is the central 5000 AU around the most massive star. Colors show column density, and black circles show stars, with the size of the circle indicating the stellar mass. The initial magnetic field is oriented vertically in this projection. See Myers et al. (2013) for more details. Fig. 2 Volume renderings of the density field in the central 4000 AU of a simulation of the formation of a massive binary system including radiation pressure feedback (Krumholz et al. 2009 ). The top image shows the edge-on view of the disk, while the bottom image shows the face-on view. At the time shown in these images, the simulation contains a 41.5 + 29.2 M binary, each with its own disk, and with the two disks embedded in a circumbinary disk. The filamentary structure above and below the disk is created by radiation Rayleigh-Taylor instability, and consists of dense filaments carrying mass onto the disk. Fig. 3 Column density from a simulation of the formation of a massive star cluster including photoionization feedback (Dale et al. 2005) . The central star begins the simulation with a mass of ≈ 30 M , but continues to grow over the course of the simulation, reaching > 100 M by the end. White dots are stars.
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In Fig. 2 we show the Lagrangian radii (radii enclosing fixed mass fractions) for each of the four initial cluster radii that we examined. The two clusters on the left, 32 1 a and 32 2 a, are in the first regime where mass segregation has begun at the time of gas expulsion at 1 Myr. In the two larger radii experiments, the mass segregation leading to core collapse commences only after the gas is expelled. We performed five realizations each at the cluster radii just on each side of the divide (series 32 2 and 32 3) to ensure that the qualitatively different collision behaviour in these regimes is a general trend and not a quirk of a single run. We performed just a single run at each of the two extremes of our initial radius range, as we use them just to illustrate the trends in the bulk cluster properties, which vary little between realizations. The initial conditions and results are found in Table 1 . All the models were run for 3 Myr, except for run 32 1 a. This run became numerically problematic when the most massive star exceeded 600 M . By this point the simplifying assumptions we make regarding collisions have been stretched to their limits, and we stopped the run at 1.6 Myr. The results quoted below are at 2 Myr after the simulation begins to more clearly differentiate the importance of the accretion process from standard dynamical evolution.
Collisional behaviour
The bottom row of Fig. 2 shows the collision trees for the clusters. In these plots, the product of a stellar merger is joined by lines to the two stars that took part in the collision. Collision products that are the end of an individual merger cascade, so are still around at the end of the simulation, are shown as larger black dots. In all but the largest radius simulation, a clear runaway collision is seen as a single star is involved in multiple, closely spaced collisions, rapidly gaining mass. In all cases, the seed for the collisional runaway is one of the most massive stars in the simulation, which is in a
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N. Moeckel and C. J. Clarke Figure 2. Top row: Lagrangian radii for clusters with initial virial radii 0.75, 1.5, 2.5 and 3.25 pc, increasing from the left. T in grey, the lightest third of the total mass; in black, the most massive third. The more compact clusters begin to mass segr which ends at 1 Myr. Bottom row: the collisional history of the same clusters. The point at the apex of three points connected the other two points. Larger black points are those that exist at the end of the simulation, i.e. they are the end product of a ca dynamically formed binary. In the run 32 4 a the runaway star is formed from just five massive stars, which sequentially merge to form a 104 M object. However, this collisional growth only begins after ∼2.25 Myr. While some collisions may occur prior to the minimum of the inner Lagrangian radii, in general the collisions begin in earnest once the core has collapsed and binaries have formed dynamically during three-body encounters. In all cases one or two stars rapidly accumulate mass to become the dominant body in the cluster, reaching masses in excess of 100 M . This process is similar to studies of runaway mergers leading to intermediate-mass black holes (IMBH) mentioned in Section 1; the difference here is that this runaway may occur as a result of the cluster's initial growth rather than its later, purely dynamical evolution. The initial conditions of a standard the number of collisions and the final Our decision to take the radius of a me radius ignores the initially out-of-equi ing a puffed-up envelope, that results f sequence stars (Lombardi et al. 1996 (Laycock & Sills 2005 ). An enlarged e rates and the circularization of hard b are thus conservative. The most severe ever, is not following the stellar evolu Glebbeek et al. (2009) and Chatterjee to uncertain modelling of stellar evolu massive stellar winds can prevent th ucts to more than about 100 M . T Myr in those authors' simulations w Fig. 4 Example results from the N-body plus accretion simulations of Moeckel & Clarke (2011) . The top set of four panels shows the radially-averaged stellar density profile as a function of time in the simulations (black lines), together with the mass profile corresponding to the imposed gas potential (gray lines). The bottom panel shows the growth history of some of the most massive stars in the simulations. Points indicated stellar masses and the times when those stars first appear, and the convergence of two lines indicates a merger between two stars that yields a more massive star. Black points indicate stars that survive to the end of the simulation, while gray points indicate stars that merge before the end of the simulation. Fig. 2 The effect of stellar wind mass loss on the temporal evolution of the runaway merger during core hydrogen and core helium burning. The blue curve corresponds to a very massive star stellar wind mass loss rate formalism as the one used by Portegies Zwart et al., the black illustrates the evolution with the formalism discussed in Belkus et al. (2007) and metallicity Z = 0.02; the red curve is similar as the black one but for Z = 0.001.
of Fregeau et al. (2004) was used to reproduce the observed properties of ζ Pup. We performed over 1 million single star-binary and binary-binary scattering experiments. The details of these experiments are given elsewhere (Belkus et al., 2008) . We explored the effects of different masses and different binary periods and eccentricities and, obviously, many experiments reproduce ζ Pup, but to obtain a runaway velocity as observed the binaries participating in the scattering process always have to be very close (periods smaller than 100 days). Most interestingly, in all our experiments, ζ Pup turns out to be a merger of 2 or 3 stars.
Conclusions
In the present paper we first discuss the dynamical formation (due to runaway merging) and evolution of very massive stars (with masses up to 1000 M and more) in the cores of young dense clusters. To predict whether such a very massive object becomes a stellar mass black hole, an intermediate mass black hole or explodes as a pair instability supernova, one has to combine a dynamical N-body code with a massive and very massive star evolutionary library, that considers in detail the importance of stellar winds and of the metallicity dependence of these winds on the core hydrogen burning and core helium burning evolution of the massive and very massive stars. Secondly we present arguments in favour of the dynamical ejection scenario in order to explain the runaways (space velocity larger than 30 km/s) with a mass larger than 40 M , like ζ Pup, λ Cep and BD+43 o 3654. We conclude:
1. In clusters with solar or supersolar metallicity, black holes form with a mass smaller than 70-75 M , but the formation of an intermediate mass black hole with a mass of several 100 M is less likely. 2. Due to the metallicity dependence of the stellar wind mass loss, the occurence of pair instability supernovae or the formation of an intermediate mass black hole in dense clusters becomes more probable for smaller metallicities. 3. It is plausible that at least some of the most massive runaways, like ζ Pup, λ Cep and BD+43 o 3654, are formed during a dynamical encounter of a massive single star and a massive close binary, or by two massive close binaries. In this case, the runaway is the merger of 2 or 3 massive stars.
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Another possible effect which was not considered so far is the influence of binary stars. It is well known that most massive stars reside in binary or multiple systems (García & Mermilliod 2001; Lada 2006; Sana et al. 2007) . Stellar binaries have a larger cross-section for collisions than single stars, which could enhance the number of collisions. We therefore performed a number of simulations containing primordial binaries. We assumed an initial binary fraction of 50 per cent in these runs and that all high-mass stars reside in binaries. Binary masses were chosen such that stars were ordered according to their mass and the components of each binary were drawn from consecutive stars in this list, i.e. the first binary contained the two most massive stars. Hence, the stellar binary fraction is 100 per cent for the high-mass stars, while all low-mass stars are single. Although being a strong simplification, our adopted binary distribution reflects the drop in binary fraction towards late spectral types seen for stars in the Galactic disc (Lada 2006) .
The semimajor axis of the binaries were chosen randomly in log r between a minimum radius three times as large as the sum of the radii reached at the end of the accretion phase and a maximum radius which was set equal to 100 au. For simplicity, we assumed in our runs that the semimajor axis of each binary remains constant during the accretion phase and increased the stellar velocities of the components to avoid a shrinkage of the binary. Figure 8 . Number of stellar collisions as a function rate in runs starting with half-mass radius r h = 0.03 collisions changes by less than a factor of 3 betwe since e.g. for high accretion rates, the larger radii of sequence phase are compensated for by the smaller t main-sequence phase. Fig. 9 shows the resulting number of collisions stars. The number of collisions is large in very co r h = 0.33 pc. The projected half-light radii of 10 Myr are similar to those of clusters withou smaller than about 0.3 pc (see Table 1 ). Such clu end up too compact compared to observed ope extended clusters the number of collisions is st to allow the build-up of a complete main sequen It is therefore likely that even in the presence collisions do not play a significant role for the fo stars. A definite answer to this question can, how if a wider range of binary distributions is explor
CONCLUSIONS
We have performed N-body simulations of the evolution of stars in stellar clusters, taking acc primordial gas expulsion and collisions betwee lations show that it is very unlikely that all hi masses m > 20 M form from the collisions o The reason for this is twofold. First, the necessa sions between massive stars only occurs for cent 10 8 M pc −3 , implying initial half-mass radii r ters of a few thousand stars. Such clusters rem trated within the first 10 Myr of their evolution due to gas expulsion and stellar evolution ma fore lead to clusters which are significantly mor known open clusters with O and B type stars w radii around 1 pc. Our simulations show that th young open clusters imply initial radii in the rang of them.
Secondly, even if a sufficient number of col will normally lead to the formation of single Estimated detectability of companions to massive stars as a function of mass ratio q and semi-major axis a using spectroscopic surveys (blue hashed region), adaptive optics imaging surveys (red dashed region), and using a next-generation instrument like GPI (gray region). These sensitivities are calculated for a hypothetical primary of mass M p = 60 M at a distance d = 2 kpc. The limit for spectroscopy is computed using equation (13) assuming a velocity semi-amplitude limit v lim = 5 km s −1 . The limit for adaptive optics is computed from equation (14) using the Padova mass-magnitude relations for ZAMS stars (Marigo et al. 2008; Girardi et al. 2010) . The GPI limit shown is the physical size corresponding to the 0. 11 size of the GPI occulting stop in J band.
